Relations between static and dynamic viscoelastic responses in gels can be very elucidating and may provide useful tools to study the behavior of bio-materials such as protein hydrogels. An important example comes from the viscoelasticity of semisolid gel-like materials, which is characterized by two regimes: a low-frequency regime where the storage modulus G (ω) displays a constant value G eq , and a high-frequency power-law stiffening regime, where G (ω) ∼ ω n . Recently, by considering Monte Carlo simulations to study the formation of peptides networks, we found an intriguing and somewhat related power-law relationship between the plateau modulus and the threshold frequency, i.e. G eq ∼ (ω * ) ∆ with ∆ = 2/3. Here we present a simple theoretical approach to describe that relationship and test its validity by using experimental data from a β-lactoglobulin gel. We show that our approach can be used even in the coarsening regime where the fractal model fails. Remarkably, the very same exponent ∆ is found to describe the experimental data.
Intriguingly, the results of simulations unveiled a power-law relationship between the plateau modulus and the threshold frequency,
The simulations indicates that, unlike the scaling law for n, the power-law relationship given by Eq. 1 with exponent ∆ = 2/3 for different network formation times is more robust and holds in spite of the interaction strengths between peptides 12 .
The analogy between the sol-gel transition and percolation has lead to important scaling relations 3,4 such as G eq ∼ ε z and τ z ∼ ε −y , where τ z is "the longest relaxation time" and ε = |φ c − φ|/φ c is the "distance" to the transition, with φ being e.g. the bond probability.
Indeed, for many gel-like materials which are very close to the sol-gel transition, not only those scaling relations are verified but also the relationship G eq ∼ τ ∆ z , so that n = z/y = ∆. Unfortunately, the relationship between n and ∆ seems to breakdown when the system is not too close to the transition, i.e. at long cure times when the gel network is in the coarsening regime [13] [14] [15] .
Here we devise a theoretical approach to describe the relationship described by Eq. 1 for peptide gels in the coarsening regime. We include data from microrheology experiments in order to demonstrate both the validity of our approach and the agreement with the results obtained in our previous simulations.
Because of the weak mechanical response of peptide networks, the characterization of the viscoelasticity in gels is done mainly by microrheology techniques such as particle tracking videomicroscopy and light scattering methods 16 . By probing the mean squared displacement ∆r 2 (t) of nano-sized particles, one can extract the complex shear modulus G * (ω) using a generalized Stokes-Einstein relation 17, 18 . The most common theoretical expression that describes experimental data for the mean squared displacement (MSD) comes from the assumption that the gel network has a fractal structure 19, 20 , and it is a result closely related to the percolation description of the system, which reads
where p is the exponent of a power-law observed at time intervals t much lower than the Also, the assumption that gelation involves the formation of self-similar structures in the coarsening regime might not be valid (as indicated by experiments on β-lactoglobulin gels 23 ).
Our approach starts by considering that an expression very similar to Eq. 2 can be derived from a completely different theory by assuming the diffusion of a probe particle with radius a subjected to a potential U due to the gel network 24 . In this case, the time dependent position distribution function f ( r, t) can be determined by the following Fokker-Planck type of equation 25 :
where k B is the Boltzmann's constant, T is the absolute temperature, and β(t) is a Onsager's coefficient 24 . By assuming a harmonic potential, U (r) = κ r 2 /2, one can obtain the following general expression for the mean squared displacement
where d is the number of degrees of freedom of the random walk, e.g. d = 2 for passive tracking videomicroscopy. Hence, the mechanical properties of the gel can be estimated assuming a regime where the radius a of the probe particle is larger than the mesh size ξ of the gel network 17 . One can recover Eq. 2 from 4 simply by assuming β(t) ∝ (t/τ p ) p−1 , which corresponds to a gaussian but non-markovian random walk 24, 26 .
By adopting a slightly different function β(t), one finds 27 that the MSD can be written as ∆r
, with χ(t) = (t/τ ) n * + 1 , so that the expression for the MSD becomes
with the parameters ζ 2 and τ being analogous to δ 2 and τ p in Eq. 2, respectively, but the exponent p is substituted by two exponents, n * and α. Our result provides a generalization of Eq. 2 with the similar qualitative behavior in the limiting cases, i.e. ln χ(t) ∼ (t/τ ) n * for t τ and ∆r 2 (t) ∼ ζ 2 when t τ , as illustrated in Fig. 1 . where the movement of nano-sized probe particles becomes more restrict as the peptide network evolves to a more rigid structure.
In order to evaluated the viscoelasticity of the peptide network during its gelation, we consider a relation between mean squared displacement and compliance 17, 28, 29 , which is given by
In principle, the complex viscoelastic modulus G * (ω) = G (ω) + iG (ω), with G (ω) and G (ω) being the storage and the loss modulus, respectively, can be obtained by considering the Fourier transform of the stress relaxation modulus 17 . However, since one usually measures ∆r 2 (t) from microrheology experiments, the viscoelastic modulus can be conveniently evaluated as
where the Fourier transformĴ(ω) = F{J(t)} is computed numerically from the time series of the compliance, Eq. 6, using the direct method proposed in Refs. 30, 31 .
From a MSD curve described by Eq. 5 one should expect that for short times, t/τ 1, the mean squared displacement will behave as a power-law, i.e. ∆r 2 (t) ∝ ζ 2 (t/τ ) n * , thus, at high frequencies (ω/ω * 1), the storage modulus should display a power-law behavior as well, i.e. G (ω) ∼ ω n * . At low frequencies, which corresponds to t/τ 1 (or ω/ω * 1), Eq. 5 may lead to ∆r 2 (t) ∝ ζ 2 , thus the storage modulus G (ω) will be given by its plateau value 32 , i.e. G eq = dk B T /3πaζ 2 . Figure 2 shows the storage modulus G (ω) evaluated from the MSD curves fitted with Eq. 5 at different cure times t w . Accordingly, all the curves present the same qualitative semisolid gel-like viscoelastic behavior, that is, the storage modulus tends to a plateau value G eq at low frequencies and, at very high frequencies, it displays a power-law behavior
We define the value of the threshold frequency ω * as the frequency where G deviates more than 10% from the plateau value G eq . Our results for the viscoelastic modulus in Fig. 2 confirms that both G eq and ω * increases as the cure time t w increases, which means that the gel is getting stiff as the structures of the peptide network coarsens.
Indeed, as shown in the inset of Fig. 2 , the plateau modulus G eq and the threshold frequency ω * display a power-law relationship as given by Eq. 1. Remarkably, the data extracted from
Ref.
14 yield the very same exponent ∆ = 2/3 obtained in our simulations 12 . Besides, our previous simulations 11 have been shown to successfully describe the qualitative behavior of It is worth mentioning that the results in Fig. 2 indicates that one might get only effective values for the exponent n when probing the power-law behavior of G (ω) at frequencies just above the threshold frequency ω * . Although those results suggests that it might be difficult to measure the exponent n * for the most of cases, such somewhat slowly varying behavior of the storage modulus is consistent with the widespread values reported for n in the literature 10 .
In summary, we have confirmed that the plateau modulus G eq and the threshold frequency ω * can be related by a power-law relationship given as in Eq. 1. Of course, further experimental evidence is required to determined whether the exponent ∆ obtained here is universal, or, if not, which specific features of the system could lead to that value. Importantly, we have introduced an alternative analytical expression to describe the mean squared displacement ∆r 2 (t) , which is the most common experimental output obtained from microrheology techniques. Although Eq. 5 is quite general to be applied to any semisolid gel-like material, it might be valid only when the random walk of the probe particles are described by gaussian distributions 24 , which seems to be the case of the experimental data considered here 14 . Because our expression does not depend on any assumptions about the fractality of the peptide network, it can be used to describe gels which do not necessarily form self-similar structures. Thus, our approach should help one to access informations about the viscoelasticity of gels beyond the scaling laws derived from the fractal gel model 19, 20 , and even in the coarsening regime, where the analogy between sol-gel transition and percolation 3, 4 is not expected to be valid.
Finally, we note that analytical expressions for the MSD should be specially important for data analysis in microrheology, e.g to obtain suitable time-dependent diffusion coefficients from the dynamic light scattering data 22 , and to "tune" sampling data in optical tweezers experiments 31 . Also, our approach might provide an alternative way to explore the timetemperature superposition principle 5 , which is a work that is still in progress.
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